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Can a wormhole supported by only small amounts of exotic matter really be traversable?
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Recent studies have shown ttiat quantum effects may be sufficient to support a wormhole throafland
the total amount of “exotic matter” can be made arbitrarily small. Unfortunately, using only small amounts of
exotic matter may result in a wormhole that flares out too slowly to be traversable in a reasonable length of
time. Combined with the Ford-Roman constraints, the wormhole may also come close to having an event
horizon at the throat. This Brief Report examines a model that overcomes these difficulties, while satisfying the
usual traversability conditions. This model also confirms that the total amount of exotic matter can indeed be
made arbitrarily small.
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[. INTRODUCTION Finally, Hochbergetal. [9] in discussing their self-
consistent wormhole solution of semiclassical gravity,
Wormholes may be defined as handles or tunnels linkingprresent numerical evidence suggesting that quantum effects
different universes or widely separated regions of our owrmay be sufficient to support a wormhole throat.
Universe. That such wormholes may be traversable by hu- The purpose of this Brief Report is to show that a worm-
manoid travelers was first conjectured by Morris and Thornehole supported by only minute amounts of exotic matter may
[1]. To hold such a wormhole open, violations of certainbe traversable in practice, not just in principle. We assume
energy conditions are unavoidadl&é—4]. As a result, the that the Ford-Roman constraints are satisfied, while avoiding
energy density of matter may be seen as negative by sonan event horizon at the throat. The wormhole is small enough
observers. Morris and Thorne called such matter “exotic.” to be traversed in a reasonable length of time; the radial tidal
While all classical forms of matter obey the weak energyforces and the gradient of the redshift function are small
condition (WEC) Taﬁ,u“,uﬁzo for all timelike vectors and, enough to accommodate a humanoid traveler. That only
by continuity, all null vectors, quantum fields can generatesmall amounts of exotic matter are needed is confirmed in
locally negative energy densities, which may be arbitrarilySec. IIl.
large at a given point. In addition to the WEC, wormhole
spacetimes violate the averaged null energy condition Il. THE ANEC VIOLATION
(ANEC) [2,5], which states thaf T, gk“k?d\=0, where the _ _
integral is taken along a complete null geodesic with tangent !N place of the line elemer(®l) we will use the form
vectork and affine parameter. While quantum field theory N ,
has generously aIIc[))wed the existenc:aq of exotic matter, it also 95— —e20dt?+ 2 Mdr?+r2(do?+si o de?). (2)

constrains the wormhole geometries, as a detailed analysjls il omit th | di . f the basi
by Ford and Romaf5] has shown. In particular, the exotic 0 save space we will omit the usual discussion of the basic

matter has to be confined to a shell very much thinner tha}’Ormhole features except to note that the graph of the func-
the throat tion a=a(r) has a vertical asymptote ar=r:

Consider now the spherically symmetric line element a(r)=+e. (For further details see Ref$l,7].)
From the line elements above we have

IimrHrOJr
dr? _
d52=—627(r)dt2+—r+r2(d02+5|n20d¢2). b(r)=r(1—e 22y, (3)

1-b(r)/
1
@) One of the general bounds for wormhole geometries dis-

Here y(r) is theredshift functiorandb(r) is theshape func- cussed in Ref[5], Sec. V, is shown to be weakest when
tion. Proposals to restrict the exotic matter to an arbitrarilyd’ () is close to unity near the throat. Accordingly, we as-
thin region are discussed in Ref§,7] under the condition sume that the graph af= «(r) is steep enough near=r
thatb’(r) be close to unity near the throat. A more generalto meet this condition. Ib’(r) is close to unity near the
discussion of an arbitrarily small energy condition violation throat, then the embedding diagram will flare out very
is presented by Vissat al.[8] in conjunction with the main slowly. This slow flaring out need not be fatal, however, as
results of global analysis in classical general relativity. As-Shown in Ref[7]. (We will return to this point in the follow-
suming the ANEC violation, the integral representing the to-Ng section)

tal amount of exotic matter is shown to be arbitrarily small, ~Also from Ref.[7] the WEC violation in terms o& andy
provided thate”"®—0, wherer=r, is the throat of the is given byp—7<0, where

wormhole. T(h)e limit actually refers to a sequence of worm- 102

holes. (If e”""—0 asr—r, for a specific wormhole, we _ —2a(P)r 1 ,

would be dealing with an event hor!ozctn. P ga|r © Ola’(n)+y'(0]). “)
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Following Visseret al. [8], a natural way to measure the To the right ofr =r, the inequality is reversed. As a result,
mass of the wormholéncluding both asymptotic regiongs ~ we havep— 7<0 in the interval (,,r;) andp—7=0 forr
=r,. Also, since the exotic matter is confined to the spheri-

* | shell extending from=r, to r=r,, we have
r dV=2J A7r2p(r)dr. 5 @ 0 L
fvolp( ) AT p(r) (5

Because of the ANEC violation, our interest centers mainly Lhe”(p_ 1dVv<0, ©)

on the integral,,/(p— 7)dV. Since Eq(4) can be written as
which represents the “total amount” of energy-condition

1 “2a(t)f 1 , violating matter. One of our goals is to show that the integral
P 87rr2[2re {e’(N+y' (N}, (9) can be made arbitrarily small. To that end observe that by
the mean-value theorem there exists a numbe(rg,rq)
it follows from Eq. (5) that such that
f (p—r)dV=2f re 240’ (r)+9'(r)]dr. (6) f (p—7dV
vol ro shell
i r
Integratlng by parts — _zf l[a(r)+ ,y(r)]efza(r)[l_Zrar(r)]dr
"o

_ _ 5" ~2a(r)
fvol(p 7 dV ZJ'rO[a’(r)'i‘ y(r)le :_r Er [a(c)+y(c)]efz"(c)[l—ZCa’(C)]
1= o

X[1—=2ra'(r)]dr, (7)

2 K" L" —2K"(c—rg)"
since the boundary term vanishes at the throat due to the N ri—rol (c—r )n_ (c—r,)" €
factore™2%(") and at infinity due to the asymptotic behavior. 0 2

A good choice fora(r) is
X| 1+2cnK"———|. (10
n (C_ro)n+1
a(r)=———, n=1,
(r=ro)" To see why this integral may be vanishingly small, lgt

—Tro and hence&—r,. By I'Hopital’s rule the right side of
for some constank having the same units as The condi- g (10) approaches 0. Unfortunately, since the construction
tionn=1 ensures that'(r)~1 near the throat. To avoid an of (r) depends om,, this limit cannot be taken directly. In
event horizon, we let fact, for a fixeda(r), if r;—ro, y'(ry) gets ever larger,

causing the sequencgr ) to recede to—, so thate?("

" —0, creating the very event horizon that we are trying to

WN=———— n=1,

(r_rz)n’ avoid.
We will return to this problem at the end of the next
for some constant and wherer, is such that 6<r,<r,. section.
To satisfy the Ford-Roman constraints, the WEC must be
satisfied outside the intervpt,,r] for somer,. To accom- [1l. TRAVERSABILITY CONDITIONS

plish this, constructe and y so that|a'(ry)|=]y'(ry)|.
Now let y,(r)=—y(r), choose a suitabl& and determine
L so thata'(r)=y;(r). The result is

As noted earlierp’(r) is close to unity near the throat.
The resulting slow flaring out could make the wormhole too
large to be traversable in a reasonable length of time. To

analyze this problem, as well as the lateral tidal constraint
1 n (8) and the gradient of the redshift function, we assume the fol-
lowing: with Eq. (8) in mind, suppose for now that, has
been chosen so thatis not much larger thaK as long as

Ln_{(rl_rz)n+1

(ri—ro)"**

With this choice ofL it is easy to show thata’(r)| is small. That way we can use the same valued_fand K
>|y'(r)] for ro<r<ry; more precisely, and consider the cade#K later. Also, since the wormholes
are likely to be very large compared tg, we may assume
nkK" thatr, rq, andr, are negligible for the purpose of estimat-
a'(r)=-— PN ing larger distances. As a resujt(r) = — «a(r); observe that
(r=ro) the Ford-Roman constraints are trivially satisfied.
n(ry—ry)"HIKn 1 For our first model, we choose=1, so thata(r)=K/r

and y(r)=—L/r=—K/r. For the traversability conditions

=7'(r).
(ri=ro"™t (r—ry"t we follow Morris and Thorng1]. The crucial radial tidal
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constraint is given byR;i/5i:6/|=|Rii|<(10® m)~2. By = The factorr ' will causeK to be large for any reasonable

direct calculation or from Ref.7] value ofm. For example, Ref.2], which discusses a worm-
2 ap ) ) ) 5 hole based on the experimentally confirmed Casimir effect,
IRt =le 2Ly " () —a'(r)y" (nN+{y" (N}l givesry,=10 '2m. As a consequence, the radial tidal con-

straint, Eq.(11), does not even come close to being satisfied
(12) at any point not too far from the throat. The primary reason

is that the coefficiene™2%(") collapses to +2m/r, which

does not decay fast enoughras:2m. The resulting worm-
The function on the rightinside the absolute value signs hole is therefore not traversable by humanoid trave[éris
attains respective minimum and maximum valuesrat not hard to show that this conclusion holds for any differen-
=1(3=3)K. To meet the constraint at these values, wetiable functiony= y(r), particularly near =r.]
chooseK=5.0x10"° Ly. (light yeay. In obtaining the estimates in this section, we made the

Concerning the size of the wormhole as measured by thgimplifying assumption thdt =K. An obvious alternative is

placement of the space stations, if we choose tochoose asmalldf to start with: referring to Eq(8), if we

2K 2K?2
r r

—0.00006964 |.y=6.6x 10° km, then let
K 5.0 107 °x 9.46x 10" m N+l
y(r=—== _(ry=ry)
r2  (0.00006964 9.46x 1015 m)2 A(”)——(r PRV
1 0
~1.1x10 ¥ m1

thenL"=A(n)K". [The expression foA(n) shows thatr,
should be restricted so th&(n) does not become exces-
sively large] Replacingk” by KJ.,,=K"A(n) satisfies the
requirements of Eq8) while keepingL" andy(r) intact. As

long asn is small, changingx to a(r)=K}.,/r" will not

have a drastic effect on the above estimates, as can be seen

which meets the constrairty’ (r)|<g/[c2V1—Db(r)/r].
Finally, b(r)/r is well within 1% of unity, also recommended
in Ref.[1].

The distancer =6.6x 10® km~4 AU may seem rather
large, but if we assume, as suggested in RE&J. that the
spaceship acceleratesgt=9.8 m/€ halfway to the throat
and decelerates at the same rate until it comes to rest at tf@™M Ed- (12).

throat, then the throat would be reached in only about 6 days, ~Or 1argen these estimates, as well as the resulting model,
It is instructive to compare this model to one for which Pécome clearly invalid: sinca(n) keeps increasing for any
n=2: leta(r)=K2/r? andK=1.0x 10" ly. All the above  [X€d T2, Kn,=K /'fz(n) is a decreasing sequence. The ex-
conditions are met, but the size of the wormhole is now onlyPonential functiore a.(r) will therefore begin to decay too
0.000005789 l.y+ & AU. slowly for the radial tidal constraint to be satisfigtf. the
For completeness let us momentarily suspend the condMedel was valid for large, then the size of the wormhole
tion thatb’ (r) gets close to unity as we approach the throatcould be decreased indefinitely, which would not make

assume thab(r)=r,=2m outside a thin region extending Physical sensg. ,
from the throat tor=a, as in Ref.[8]; we further assume Returning next to Eq(10), if we model the wormhole by
thata<r,. Then using the functions in this section, we can estimate the size

of [shai(p— 7)dV directly. Observe that, sinae<r 4,
1 2m
a(r)=—zln 1-—;

r

‘ f (p—7)dV
for the redshift function lety(r)= —K/r. (Both K andm are shel
measured in metepsAs in the previous section, we need to

find r=r, such that =|-

[a(c)+7(C)]e2“(°)[1—2c:a’(0)]‘

f1=ro
m K
a/(rl)—i-y’(rl):—m—l—r—zzo, <‘_ 2 ( Kn ~ Ln )
vt L C=To\(c—rg" (c—ry"
whence 1
x g~ 2K"(e=rg)" 1+20nK”—> . (12)
Ko m (C_ro)n+l
1-2miry’

Simple calculator trials show that for any reasonable choice

If ry is the thickness of the shell, themy=r;—ro=r4 of r, (and hence ot)
1 ’

—2m, and

m

K= 1-2m/(2m+ry,)

<10~ 100,

=m(2m ryt+1). Uh "(p—T)dV
she
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even forn=1. In fact, this extreme inequality holds even if by I'HOpital’s rule, suggesting that the relevant quantities are
L" is much larger tha&k" andr, many orders of magnitude indeed vanishingly small.
larger than the value allowed by the Ford-Roman constraints.

While the conclusion seems to depend on our choices of
a and vy, it is unlikely that any other acceptable choices V. CONCLUSION
would alter the results significantly, primarily because the
basic features remain the same: both functions are assumed

b ce diff iabl 4 h ) i thei It is shown in this Brief Report that a wormhole held open
to be twice differentiable and hence continuous in their rey,;ih only small amounts of exotic matter may be traversable,
spective domainsy(ro) is finite, and lim_  a(r)=+co.

ro not just in principle, but also in practice: in the model dis-
~2ar)=0, even if y(r) cussed, the wormhole size permits traversal in a reasonable
ngth of time, while satisfying the usual traversability con-
itions. The model also accommodates the Ford-Roman
constraints—without introducing an event horizon at the
a(ry) throat. The integral me_aSl_Jring the total amount of exotic
= matter proved to be vanishingly small, confirming the results

So by continuity, Iingl_%y(rl)e

assumes a completely different form from the one considere
earlier, while

lim a(ry)e 24d= |im

2 - .
ri—ro ri—ro€ e in Ref.[8].
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